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Abstract. Improved accuracy has been observed in block methods with the presence of higher derivatives when implemented to
solve first order and higher order ordinary differential equations. This improvement in accuracy is as a result of the increased order
possessed by the higher derivative block method. In this article, a fourth-derivative block method of maximal-order is introduced
to solve third order initial and boundary value problems. The block method possesses convergent properties required for any good
numerical method and it is suitable for solving third order ODE models. This is evident in its improved performance over other
methods in terms of comparison to the exact solution of the numerical problems considered.
INTRODUCTION
Numerous real life scenarios can be described as differential equation models, and third order ordinary differential
equations (ODEs) of the form
y′′′ = f (x, y, y′, y′′) . (1)
are not an exception. Equation (1) can be presented with initial conditions defined (initial value problems) or having
the presence of boundary conditions (boundary value problems) [1, 2]. In common real-life situations, the differential
equations are quite complicated to solve exactly, thus the need to adopt numerical approaches such as finite element
methods, finite difference methods, splines methods, collocation methods, differential transform methods, amongst
others [3, 4, 5]. However, since the aim of any approximate method is to obtain more accurate solutions, block methods
have shown to compete favourably with these previously mentioned numerical approaches [6, 7, 8]. Therefore, the
solution of problems in the form of Equation (1) will be presented in this article, using block method. The block
method is developed to be of maximal-order 2k + 2 as defined by [9] to ensure improved accuracy.




















These multistep methods are adopted to solve first order ODEs (y′ = f(x, y)). However, the extension by [10]
to introduce y′′ = f ′(x, y) improved the solution obtained from the method in Equation (2).
This approach has been extended to solve higher order ODEs, ranging from initial to boundary value problems
as seen in studies by [12, 13, 14]. This article presents a maximal-order fourth-derivative block method to solve
differential equation models of the form (1).
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METHODOLOGY
In this section, a linear block approach is described for developing the maximal-order fourth-derivative block










(φiξfn+i + τiξgn+i), ξ = 1, 2, 3 (4)












(ωξiafn+i + ϕξiagn+i), a = 1(ξ=1,2,3), 2(ξ=1,2,3) (5)





















(φ0ξ, φ1ξ, φ2ξ, φ3ξ, τ0ξ, τ1ξ, τ2ξ, τ3ξ) = A
−1B, (ωξ0a, ωξ1a, ωξ2a, ωξ3a, ϕξ0a, ϕξ1a, ϕξ2a, ϕξ3a) = A−1D, where
A =

1 1 1 1 0 0 0 0
















































































































Equation (4) and (5) can also be written in the following form




2! + [φ01fn + φ11fn+1 + φ21fn+2 + φ31fn+3
+τ01gn + τ11gn+1 + τ21gn+2 + τ31gn+3]




2! + [φ02fn + φ12fn+1 + φ22fn+2 + φ32fn+3
+τ02gn + τ12gn+1 + τ22gn+2 + τ32gn+3]




2! + [φ03fn + φ13fn+1 + φ23fn+2 + φ33fn+3






n + [ω101fn + ω111fn+1 + ω121fn+2 + ω131fn+3





n + [ω201fn + ω211fn+1 + ω221fn+2 + ω231fn+3





n + [ω301fn + ω311fn+1 + ω321fn+2 + ω331fn+3




n + [ω102fn + ω112fn+1 + ω122fn+2 + ω132fn+3
+ϕ102gn + ϕ112gn+1 + ϕ122gn+2 + ϕ132gn+3]
y′′n+2 = y
′′
n + [ω202fn + ω212fn+1 + ω222fn+2 + ω232fn+3
+ϕ202gn + ϕ212gn+1 + ϕ222gn+2 + ϕ232gn+3]
y′′n+3 = y
′′
n + [ω302fn + ω312fn+1 + ω322fn+2 + ω332fn+3















































































































































































Combining these φiξ, τiξ, ωξia and ϕξia results gives the fourth-derivative block method:







544320 (62387fn + 14418fn+1 + 11853fn+2 + 2062fn+3)
+ h
4
181440 (1879gn − 6462gn+1 − 2457gn+2 − 170gn+3) ,





8505 (5048fn + 4428fn+1 + 1620fn+2 + 244fn+3)
+ h
4
2835 (172gn − 756gn+1 − 306gn+2 − 20gn+3) ,







2240 (3285fn + 4374fn+1 + 2187fn+2 + 234fn+3)
+ h
4







272160 (78076fn + 35127fn+1 + 19548fn+2 + 3329fn+3)
+ h
3







8505 (5731fn + 7992fn+1 + 2943fn+2 + 344fn+3)
+ h
3







1120 (1206fn + 2187fn+1 + 1458fn+2 + 189fn+3)
+ h
3





18144 (6893fn + 8451fn+1 + 2403fn+2 + 397fn+3)
+ h
2





567 (223fn + 540fn+1 + 351fn+2 + 20fn+3)
+ h
2





224 (93fn + 243fn+1 + 243fn+2 + 93fn+3)
+ h
2
1120 (57gn − 81gn+1 + 81gn+2 − 57gn+3)
(9)
To show that the block method in Equation (9) is of maximal order, its convergence properties are investigated.
Properties of the Block Method
The properties to ensure convergence of the block method will be investigated. It is known that for a linear
multistep method to be convergent, it must be consistent and zero-stable [15].
Definition 1 A linear multistep method is consistent if it has order p ≥ 1.













Using Taylor series expansions about x = xn to expand yn+j , fn+j and f ′n+j , we obtain the following equation
L [y(x);h] = C0y(xn) + C1hy
1(xn) + · · ·+ Cphpyp(xn) + . . . (11)
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The method is said to be of order p if C0 = C1 = · · · = Cp = Cp+1 = Cp+2 = 0, Cp+3 6= 0 and Cp+3 is the
error constant.
Likewise, the order p is said to be maximal if p = 2k + 2 [9].
Therefore, individual terms of the integrators for the block method in Equation (9) are expanded using Taylor
series expansions to obtain an expression as equation (11). Thus, the resultant order of the fourth-derivative block









. This affirms the block method as a
maximal-order fourth-derivative block method.
To analyze the method for zero stability, the integrators of the maximal-order fourth-derivative block method are






where A0 is the identity matrix of dimension 3 and A1 is given by
A1 =
 0 0 10 0 1
0 0 1

The roots of ρ(R) = 0 satisfy |Rj | ≤ 1, j = 1, 2, 3. Therefore, the block method is zero-stable. Thus it is
convergent since it is both consistent and zero-stable.
The accuracy of the block method is tested for certain third order initial and boundary value problems as high-
lighted in the next section.
NUMERICAL RESULTS
The following numerical problems are considered for the purpose of showing the accuracy of the new block method
when compared to previously existing methods
Problem 1 y′′′ + 4y′ − x = 0, y(0) = y′(0) = 0, y′′(0) = 1
Exact solution: y = 18x
2 − 316 (cos 2x− 1)
Source: [16]
The solution of this initial value problem will be compared with [16] as presented in Table 1.
TABLE 1. Comparison of the Maximal-Order Fourth-Derivative Block Method with [16] for solving Problem 1






0.1 0.004987516618744726 0.004987516654767182 0.11899E-10 0.2303713E-14
0.2 0.019801063397010481 0.019801063624459048 0.30422E-08 0.1658396E-13
0.3 0.043999571646218726 0.043999572204435344 0.77796E-07 0.4850287E-13
0.4 0.076867490974272035 0.076867491997406487 0.15559E-06 0.1146583E-12
0.5 0.117443316053977450 0.117443317649723790 0.30541E-06 0.2425421E-12
0.6 0.164557918773961280 0.164557921035623750 0.46102E-06 0.4435619E-12
0.7 0.216881157828931610 0.216881160706204860 0.31380E-06 0.7467083E-12
0.8 0.272974907069064740 0.272974910431491690 0.70374E-06 0.1182054E-11
0.9 0.331350389054843040 0.331350392754953930 0.10177E-05 0.1753375E-11
1.0 0.390527527977853840 0.390527531852589200 0.16528E-05 0.2481071E-11
Problem 2 y′′′ − (x3 − 2x2 − 5x− 3)ex − xy = 0, y(0) = 0, y′(0) = 1, y′(1) = −e
Exact solution: y = x(1− x)ex
Source: [17]
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TABLE 2. Comparison of the Boundary Point Error for the Maximal-Order Fourth-Derivative Block Method
with Abdullah et al. (2013) for solving Problem 2










The solution of this boundary value problem will be compared with [17] at different h−values, the error at the
boundary x = 1 are given in Table 2.
Problem 3 The Blasius equation describing the velocity profile of fluid in the boundary layer theory on a half
infinite interval is considered. The Blasius equation is modeled by the nonlinear two-point boundary value problem
defined as
f(0) = α, f ′(0) = γ, limη→∞f
′(η) = β (12)
The model in Equation (12) was solved in [18] with α = γ = 0, β = 1 using a two-point block method and the
results are shown in Fig. 1. Adopting the maximal-order fourth-derivative block method to solve Equation (9) is given
in Fig. 2.
FIGURE 1. Plot of the solution of f, f ′ and f ′′ for Blausius equation from [18]
FIGURE 2. Plot of the solution of f, f ′ and f ′′ for Blausius equation using Maximal-Order Fourth-Derivative Block
Method
Conclusion
In this article, a fourth-derivative block method of maximal order is presented to obtain an approximate solution for
third order initial and boundary value problems. To show the performance of the fourth-derivative method, certain
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numerical problems were solved comprising both IVP and BVP. The results displayed in the tables above, show that
the maximal order block method achieves more favourable results in comparison to existing methods by other authors.
The accuracy of the fourth-derivative is better observed in the solution of the BVP in Table 2, documenting the error
recorded at the boundary. From the displayed figures, comparison of the results show good agreement. Therefore, the
maximal-order fourth-derivative block method can be adopted for the solution of any equation in the form of (1) with
imposing either initial or boundary conditions.
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